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[bookmark: _Toc43116645]Disclaimer
[bookmark: _Toc43116646]This document is to be used to supplement the support teachers are offering students undertaking HSC Mathematics courses. Questions can be printed off for students individually, with or without solutions, or as an entire booklet. Questions have been sourced from various states across Australia and the source of each question has been referenced. Permission to use these resources was provided in June 2020. Solutions for each of the questions can be found at the end of the document.
Outcomes
All outcomes referred to in this booklet are from Mathematics Extension 1 Syllabus © 2017 NSW Education Standards Authority (NESA) for and on behalf of the Crown in right of the State of New South Wales. 


[bookmark: _Toc47949542]Syllabus outcomes
The exam style questions presented in this document refer to the following outcomes and syllabus content.
[bookmark: _Toc47949543]Outcomes
A student:
ME12-5 applies appropriate statistical processes to present, analyse and interpret data
ME12-6 chooses and uses appropriate technology to solve problems in a range of contexts
ME12-7 evaluates and justifies conclusions, communicating a position clearly in appropriate mathematical forms
[bookmark: _Toc47949544]Content
C3.2: Differential equations
Students:
· recognise that an equation involving a derivative is called a differential equation
· recognise that solutions to differential equations are functions and that these solutions may not be unique
· sketch the graph of a particular solution given a direction field and initial conditions
· form a direction field (slope field) from simple first-order differential equations
· recognise the shape of a direction field from several alternatives given the form of a differential equation, and vice versa
· sketch several possible solution curves on a given direction field
· solve simple first-order differential equations (ACMSM130)
· solve differential equations of the form 
· solve differential equations of the form 
· solve differential equations of the form  using separation of variables
· recognise the features of a first-order linear differential equation and that exponential growth and decay models are first-order linear differential equations, with known solutions
· model and solve differential equations including to the logistic equation that will arise in situations where rates are involved, for example in chemistry, biology and economics (ACMSM132) AAM 


[bookmark: _Toc47949545]Supplementary resources
[bookmark: _Toc47949546]Department of Education resources
Units of work
ME C3 Applications of Calculus

[bookmark: _Toc47949547]NESA resources
Mathematics Extension 1 – Sample examination materials (2020)
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Applications of Calculus
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[bookmark: _Toc47949550]Sample question 1
[image: ]
The differential equation that has the diagram above as its direction field is





Source: Question 8 ©VCAA 2019 Specialist Mathematics exam paper 2



[bookmark: _Toc47949551]Sample question 2
A solution to the differential equation  can be obtained from
1. 
1. 
1. 
1. 
1. 

Source: Question 9 ©VCAA 2018 Specialist Mathematics exam paper 2

[bookmark: _Toc47949552]Sample question 3
[image: ]
The differential equation that best represents the direction field above is
1. 
1. 
1. 
1. 
1. 
Source: Question 10 ©VCAA 2018 Specialist Mathematics exam paper 2
[bookmark: _Toc47949553]Sample question 4
The diagram that best represents the direction field of the differential equation  is
[image: ]
Source: Question 10 ©VCAA 2012 Specialist Mathematics exam paper 2
[bookmark: _Toc47949554]Sample question 5
[image: ]
The direction field for the differential equation  is shown above.
A solution to this differential equation that includes  could also include
1. 
1. 
1. 
1. 
1. 
Source: Question 10 ©VCAA 2016 Specialist Mathematics exam paper 2

[bookmark: _Toc47949555]Sample question 6
Given  and  when , then
1. 
1. 
1. 
1. 
1. 
Source: Question 12 ©VCAA 2015 Specialist Mathematics exam paper 2

[bookmark: _Toc47949556]Sample question 7
[image: ]
The direction field for a certain differential equation is shown above.
The solution curve to the differential equation that passes through the point  could also pass through
1. 
1. 
1. 
1. 
1. 
Source: Question 13 ©VCAA 2015 Specialist Mathematics exam paper 2




[bookmark: _Toc47949557]Sample question 8
A large tank initially holds 1500 L of water in which 100 kg of salt is dissolved. A solution containing 2 kg of salt per litre flows into the tank at a rate of 8 L per minute. The mixture is stirred continuously and flows out of the tank through a hole at a rate of 10 L per minute.
The differential equation for Q, the number of kilograms of salt in the tank after t minutes, is given by
1. 
1. 
1. 
1. 
1. 
Source: Question 10 ©VCAA 2014 Specialist Mathematics exam paper 2



[bookmark: _Toc47949558]Sample question 9
[image: ]
The differential equation that is best represented by the above direction field is
1. 
1. 
1. 
1. 
1. 
Source: Question 14 ©VCAA 2014 Specialist Mathematics exam paper 2


[bookmark: _Toc47949559]Sample question 10
Solve the differential equation  given that 
(4 marks)
Source: Question 1 ©VCAA 2019 Specialist Mathematics exam paper 1

[bookmark: _Toc47949560]Sample question 11
The slope field given by  is shown in the diagram below.
[image: ]
1. Calculate the value of the slope field at the point . 
(1 mark)
1. On the diagram above, draw the solution curve that contains the point .
(2 marks)
1. Determine the equation for the solution curve that contains the point .
(3 marks)
 Source: Question 11 ©Western Australia School Curriculum and Standards Authority 2019 Mathematics Specialist Calculator-assumed Paper
[bookmark: _Toc47949561]Sample question 12
1. The growth and decay of a quantity P with respect to time t is modelled by the differential equation 

where .

i. Given that  and , where  is a function of , show that 
(2 marks)

ii. Specify the condition(s) for which .
(2 marks)

The growth of another quantity Q with respect to time t is modelled by the differential equation 

where  and  when .

i. Express this differential equation in the form 
(1 mark)
ii. Hence, show that 
(2 marks)
iii. Show that the graph of  as a function of  does not have a point of inflexion.
(2 marks)
Source: Question 3 ©VCAA 2019 Specialist Mathematics exam paper 2



[bookmark: _Toc47949562]Sample question 13
A tank initially holds 16 L of water in which 0.5 kg of salt has been dissolved. Pure water then flows into the tank at a rate of 5 L per minute. The mixture is stirred continuously and flows out of the tank at a rate of 3 L per minute.
1. Show that the differential equation for , the number of kilograms of salt in the tank after  minutes, is given by 
(1 mark)
1. Solve the differential equation given in part a. to find  as a function of . Express your answer in the form , where ,  and  are positive integers.
(3 marks)
Source: Question 8 ©VCAA 2018 Specialist Mathematics exam paper 1


[bookmark: _Toc47949563]Sample question 14
Solve the differential equation , given that . Express  as a function of .
(5 marks)
Source: Question 8 ©VCAA 2016 Specialist Mathematics exam paper 1


[bookmark: _Toc47949564]Sample question 15
Part of the graph of  is shown below.
[image: ]
The curve shown is rotated about the y-axis to form a volume of revolution that is used to model a fountain, where length units are in metres.
1. Show that the volume, V cubic metres, of water in the fountain when it is filled to a depth of  metres is given by .
(2 marks)
1. Find the depth h when the fountain is filled to half its volume. Give your answer in metres, correct to two decimal places. [Not in scope of course]
(2 marks)
The fountain is initially empty. A vertical jet of water in the centre fills the fountain at a rate of 0.04 cubic metres per second and, at the same time, water flows out from the bottom of the fountain at a rate of  cubic metres per second when the depth is  metres.
i. Show that 
(2 marks)
ii. Find the rate, in metres per second, correct to four decimal places, at which the depth is increasing when the depth is 0.25 m.
(1 mark)

Source: Question 3 ©VCAA 2018 Specialist Mathematics exam paper 2
[bookmark: _Toc47949565]Sample question 16
A slope field representing the differential equation  is shown below.
[image: ]
1. Sketch the solution curve of the differential equation corresponding to the condition  on the slope field above and, hence, estimate the positive value of  when .
Give your answer correct to one decimal place.
(2 marks)
1. Solve the differential equation  with the condition . Express your answer in the form , where , ,  and  are integers.
(2 marks)
Source: Question 8 ©VCAA 2017 Specialist Mathematics exam paper 1




[bookmark: _Toc47949566]Sample question 17
A container of water is heated to boiling point (100°C) and then placed in a room that has a constant temperature of 20°C. After five minutes the temperature of the water is 80°C.
1. Use Newton’s law of cooling , where °C is the temperature of the water at time  minutes after the water is placed in the room, to show that .
(2 marks)
1. Find the temperature of the water 10 minutes after it is placed in the room.
(3 marks)
Source: Question 5 ©VCAA 2013 Specialist Mathematics exam paper 1

[bookmark: _Toc47949567]Sample question 18
Scientists can study the growth of the world’s population using mathematical modelling.
For one model, the rate of population growth since the year 2000 is given by the differential equation

where  is the population of the world (in billions) at time  (in years since 2000).
1. i. Show that 
(1 mark)
ii. Hence solve the differential equation with the initial condition ,  to show that

(5 marks)
1. According to this model, in what year is the population growing at its greatest rate?
(1 mark)
1. According to this model, what is the limiting value of the world’s population?
(1 mark)
Source: Question 10 ©SACE 2019 Specialist Mathematics question booklet 1



[bookmark: _Toc47949568]Sample question 19
1. In an experiment one type of bacterium, called alpha, was grown in a Petri dish.
The rate of change of the area in the Petri dish that is covered by alpha bacteria can be modelled by the differential equation

where  is area in cm2 and  is time in days.

i. At , the area in the Petri dish that is covered by alpha bacteria is 1 cm2. On the slope field in Figure 15, draw the solution curve.
(3 marks)
[image: ]
Figure 15

ii. Show that 
(1 mark)


iii. Use integration to solve the differential equation

With initial condition , and show that the area covered by the bacteria can be modelled by

(5 marks)
iv. State the maximum area that is available for bacterial growth.
(1 mark)
When , a different bacterium, called beta, was accidentally introduced to the Petri dish. Beta bacteria grow more quickly than alpha bacteria. The area, , in the Petri dish that is covered by beta bacteria can be modelled by

where  is the time in days after the beta bacterium was introduced.

Figure 16 shows the graph for the area in the Petri dish covered by beta bacteria  days after the beta bacterium was introduced.
[image: ]
Figure 16
i. Find  and  when the rate of growth of beta bacteria is at its greatest.
(2 marks)
ii. Find the area of the Petri dish covered by alpha bacteria when the rate of growth of beta bacteria is at its greatest.
(2 marks)
iii. When the Petri dish is completely covered by bacteria, which bacteria is likely to cover more area of the Petri dish?
(1 mark)
Source: Question 14 ©SACE 2017 Specialist Mathematics question booklet 1
[bookmark: _Toc47949569]Solutions
[bookmark: _Toc47949570]Sample question 1
When  and , 
When  and , 
Therefore 
Solution is b)

[bookmark: _Toc47949571]Sample question 2





Solution is d) 

[bookmark: _Toc47949572]Sample question 3
From the direction field, when ,  therefore options b) c) and e) (too steep) can be eliminated.
When ,  therefore d) can be eliminated.
Therefore a) is the best representation.

[bookmark: _Toc47949573]Sample question 4
 will have positive gradients in the 1st and 3rd quadrants and negative gradients in the 2nd and 3rd. This eliminates c) and d).
 will have zero gradients when  and , which eliminates b) and e).
Therefore the solution is a).


[bookmark: _Toc47949574]Sample question 5
[image: ]
Solution is b) 



[bookmark: _Toc47949575]Sample question 6





Solution is b) 


[bookmark: _Toc47949576]Sample question 7
[image: ]
Solution is d) 


[bookmark: _Toc47949577]Sample question 8

Solution is a) 

[bookmark: _Toc47949578]Sample question 9
Vertical line segments eliminate b) and d) as this can only be achieved as  and/or  for b) and d)

Negative gradients of line segment in first quadrant eliminate e).

As  increases, for small , gradient of line segment becomes more negative, therefore 
 
Solution is c) 

[bookmark: _Toc47949579]Sample question 10



Given 






[bookmark: _Toc47949580]Sample question 11
1. 
1. [image: ]

1. 





When ,  therefore  is the only solution.

Source: Question 11 ©Western Australia School Curriculum and Standards Authority 2019 Mathematics Specialist Calculator-assumed Marking Key

[bookmark: _Toc47949581]Sample question 12
a) i) 

Given ,  
and , 



ii) Either  and , or  and 

b) i) 

ii) 
When , 



iii) 

, therefore there is no point of inflexion.



[bookmark: _Toc47949582]Sample question 13
a) 


b) 


When , 





[bookmark: _Toc47949583]Sample question 14





When ,  therefore  as 


[bookmark: _Toc47949584]Sample question 15
a) 





b) Not in scope of the course

c) i.  
, therefore 




ii) 



[bookmark: _Toc47949585]Sample question 16
a) 
[image: ]
b) 






[bookmark: _Toc47949586]Sample question 17
a) 




When , 



b) 

When 
C




[bookmark: _Toc47949587]Sample question 18
a) i. 

When , 
When , 


ii. 









{Continued on next page}

b) Greatest rate at half the carrying capacity, ie) 




The greatest rate will occur in 2029

c) As ,  billion people.

Solutions are not the official set of solutions used by the examiners of the SACE Board of South Australia.



[bookmark: _Toc47949588]Sample question 19
a) i. [image: ]

ii. 

When , 
When , 


{Continued on next page}

iii. 








iv. When , , therefore the maximum area is 50 cm2

b) i. Greatest rate of growth when 


 days

ii. When  days,  cm2

{Continued on next page}

iii. Bacteria cover equal area when , 



 cm2 and  cm2, giving a total area approximately equal to 3.6 cm2 (less than the area of the petri dish). Therefore most of the area of the petri dish will be taken up by Beta as it is growing at a faster rate.

Solutions are not the official set of solutions used by the examiners of the SACE Board of South Australia.
education.nsw.gov.au	[image: ]
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